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a b s t r a c t
The aim of this paper is to complete a classification of regular
orientable embeddings of complete bipartite graphs Kn,n, where
n = 2e. The method involves groups G which factorise as a
product G = XY of two cyclic groups of order n such that the
two cyclic factors are transposed by an involutory automorphism.
In particular, we give a classification of such groups G in the case
where G is not metacyclic. We prove that for each n = 2e, e ≥ 3,
there are up to map isomorphism exactly four regular embeddings
of Kn,n such that the automorphism group G preserving the surface
orientation and the bi-partition of vertices is a non-metacyclic
group, and that there is one such embedding when n = 4.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
This paper is a continuation of [2], completing the classification of the regular orientable
embeddings of complete bipartite graphs Kn,n where n is a power of 2. As in [2], the study of such
mapsM is based on determining the group G = Aut+0M of automorphisms ofMwhich preserve both
the orientation of the underlying surface and the colours of the vertices. In the earlier paper these
embeddingsM were classified under the assumption that G is metacyclic (as is always the case when
n is an odd prime power; see [6]), and here we classify the remaining embeddings, those for which G
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Fig. 1. The mapN (4 ; 0, 0); opposite sides of the outer square are identified to form a torus.
is not metacyclic. Our main result is that there is one such embedding when n = 4, and there are four
for each n = 2e ≥ 8.
As shown in [5], a group G arises as Aut+0M for a regular embeddingM of Kn,n, for any n, if and
only if G is n-isobicyclic, that is, G = XY for cyclic subgroups X = 〈x〉 and Y = 〈y〉 of order n, where
X ∩ Y = 1 and some automorphism α of G transposes x and y. GivenM, these canonical generators x
and y are rotations around a black vertex v and a white vertex w, sending each incident edge to the
next according to the orientation, and α is induced by conjugation by a half-turn a of M reversing
the edge vw, so that the orientation-preserving automorphism group Aut+M ofM is the semidirect
product of G by 〈a〉 ∼= C2. Conversely, given G we can take the black and white vertices to be the
cosets in G of X and Y , and the edges to be the elements of G; incidence is given by the inclusion of
elements in cosets, and the cyclic order of edges around each vertex is given by the successive powers
of x or y in the corresponding coset. In these circumstances we will call (G, x, y) an isobicyclic triple.
The isomorphism classes of embeddingsM with G = Aut+0M correspond bijectively to the orbits of
AutG on such ordered pairs (x, y).
In [2] it is shown that if n = 2e and G is metacyclic (that is, an extension of one cyclic group by
another) then
G = Gf = 〈g, h | gn = hn = 1, hg = hq〉 (1.1)
where q = 1 + 2f for some f = 2, . . . , e if n ≥ 4, or q = 1 if n = 2. In this case the canonical
generators of G have the form x = gu and y = guh for some odd u = 1, . . . , 2e−f , giving φ(2e−f )
non-isomorphic maps for each f , and a total of
∑e
f=2 φ(2e−f ) = n/4 maps for each n ≥ 4 (there is
just one when n = 2). These maps have type {2n, n} and genus (n − 1)(n − 2)/2, and for a given f
they are all equivalent under Wilson’s operations Hj which replace x and ywith xj and yj for odd j [8].
(They are, in fact, direct analogues of the regular embeddings classified in [6] for odd prime powers n,
except that there the value f = 1 is also allowed, giving a total of n/pmaps for each n = pe.)
We will show that when n = 2e the non-metacyclic groups which can arise as Aut+0M are the
groups
G(n; k, l) = 〈 x, y | xn = yn = [x2, y2] = 1, [x, y] = x−2y2zk,
(y2)x = y−2z l, (x2)y = x−2z l, z := xn/2yn/2 〉 (1.2)
where k, l ∈ {0, 1} for n ≥ 8, and k = l = 0 for n = 4. (This group was denoted by G3(e, k, l)
in [2], where a more efficient presentation was used, involving fewer relations, but here (1.2) is
more convenient for our purposes.) These groups G(n; k, l) correspond to four regular embeddings
M = N (n; k, l) of Kn,n for each n = 2e ≥ 8, and to one regular embeddingM = N (4; 0, 0) when
n = 4. These maps are all reflexible, and they are self-Petrie (isomorphic to their Petrie duals) if and
only if l = 0. The mapN (n ; 0, 0) (shown in Fig. 1) is a special case form = n/2 of the map {4, 2m}4,
the dual of the map {2m, 4}4 in Table 8 of [1], and as in Example 3 of [2] it can also be obtained by
applyingWilson’s ‘opposite’ operation [8] to the torus map {4, 4}n = {4, 4}m,m described in Chapter 8
of [1]; it has type {4, n} and genus (n − 2)2/4, as does the map N (n ; 1, 1), while N (n ; 0, 1) and
N (n ; 1, 0) have type {8, n} and genus 1+ n(3n− 8)/8. For n ≥ 8 all four maps N (n ; k, l) are four-
sheeted regular branched coverings of N (m ; 0, 0), with the covering obtained by factoring out the
1948 S.-F. Du et al. / European Journal of Combinatorics 31 (2010) 1946–1956
central subgroup 〈xm, ym〉 ∼= C2 × C2 of G(n ; k, l). The simplest of the maps N (n; k, l) is the torus
mapN (4; 0, 0): this is the quotient {4, 4}2,2 of the map {4, 4}, the square tessellation of the complex
plane with vertices at the set Z[i] of Gaussian integers, by the group of translations generated by
z 7→ z + 2(1 ± i); the other maps N (n; k, l) are regular abelian coverings of this map, branched
over the vertices and (if k 6= l) the face-centres.
Our main result is the following:
Theorem 1.1. If M is a regular orientable embedding of Kn,n, where n = 2e, and the group G = Aut+0M
of orientation- and colour-preserving automorphisms of M is not metacyclic, then either n = 4 and
M ∼= N (4; 0, 0), or n ≥ 8 andM ∼= N (n; k, l) where k, l ∈ {0, 1}; moreover, for each n ≥ 8 these four
maps are mutually non-isomorphic.
Theorem 1.1, together with [2], completes the classification of the regular orientable embeddings
of Kn,n for n = 2e: there is one such embedding if n = 2, there are two if n = 4, and there are 2e−2+ 4
for each n ≥ 8. The groups G(n; k, l) were first characterised in [3] by means of a direct analysis of
the structure of non-metacyclic 2-groups that factorise as a product of two cyclic groups transposed
by an involutory automorphism. That manuscript contains more information on the groups, and in
particular, the automorphisms of G(n; k, l) are completely described. The resulting alternative proof
of Theorem 1.1 is technically harder, but on the other hand it is independent of the classification of
isobicyclic triples (G, x, y)where G is a metacyclic 2-group.
The proof of Theorem 1.1 presented here combines the advantages of both approaches, and as a
result it gives more information on the corresponding products of cyclic groups. It should be noted
that a classification of 2-groups that factorise as a product of two cyclic groups is in general not known.
It follows that the present result can be viewed as a contribution to the solution of this more general
problem.
2. The groups G(n;k, l) and mapsN (n;k, l)
In this section we establish some basic properties of the groups G(n; k, l) defined by (1.2), and of
the corresponding maps N (n; k, l), where k, l ∈ {0, 1} for n = 2e ≥ 8, and k = l = 0 for n = 4. We
refer the reader to [1, Chapter 8] for background on regular maps.
Proposition 2.1. The group G = G(n; k, l) presented in (1.2) is an extension of an abelian normal
subgroup A = 〈x2, y2〉 ∼= Cm × Cm by G/A ∼= C2 × C2.
Proof. We first construct the appropriate extension, and then show that it is isomorphic to the group
G(n; k, l)with the presentation (1.2). We start with the group
A = 〈b, c | bm = cm = [b, c] = 1〉 ∼= Cm × Cm,
wherem = n/2, and extend this to a groupG = 〈A, x, y〉 containing A as a normal subgroup of index 4,
with G/A a Klein four-group, by putting
x2 = b, y2 = c and [x, y] = (b−1c)1+km/2
where k = 0 or 1. We let x and y act by conjugation on A by setting
bx = b, cx = c−1(bc)lm/2 and by = b−1(bc)lm/2, cy = c
where l = 0 or 1; these are commuting automorphisms of A of order 2, so we have a well-defined
action G/A → Aut A of G/A on A. If we take 1, x, y and xy as representatives of the cosets of A in
G we find that the resulting factor system f : G/A × G/A → A satisfies the necessary and sufficient
conditions for the existence of this extension (see [4, Section I.14], for instance). By putting b = x2 and
c = y2 in the above relations we see that G satisfies all the defining relations in the presentation (1.2),
so G is an epimorphic image of G(n; k, l). By its construction, G has order 4m2 = n2, while putting
x2 = y2 = 1 in (1.2) gives an epimorphism from G(n; k, l) onto C2 × C2 with kernel 〈x2, y2〉 of order
at mostm2, so |G(n; k, l)| ≤ |G| and hence the epimorphism G(n; k, l)→ G is an isomorphism. 
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(In fact, A is the Frattini subgroup Φ(G) of G: being generated by squares, A is contained in Φ(G),
which also has index 4 since G is a two-generator 2-group, so A = Φ(G).)
Proposition 2.2. The elements xm, ym and z := xmym are central involutions in G.
Proof. Since x and y have order n, and m = n/2, xm and ym are involutions. Since m is even they
commutewith each other, and since they are distinct z is also an involution. Now xm clearly commutes
with x, and (xm)y = ((x2)y)m/2 = (x−2z l)m/2 = x−mz lm/2 = xm since eitherm/2 is even or l = 0, so xm
is central. The proof for ym is similar, and the result follows immediately for z. 
Proposition 2.3. The group G = G(n; k, l) presented in (1.2) is n-isobicyclic.
Proof. Each element of A has the form xiyj for some i and j; since the other three cosets of A in G
can be written in the form xA, Ay and xAy, the same applies to every element of G, so G = XY with
X = 〈x〉 and Y = 〈y〉 both cyclic groups of order n. By the construction of G in Proposition 2.1 we
have X ∩ Y = 〈b〉 ∩ 〈c〉 = 1. The presentation in (1.2) is symmetric in x and y, apart from the relation
[x, y] = x−2y2zk; transposing x and y inverts both sides of this equation, by Proposition 2.2, so it
extends to an automorphism of G. Thus G is n-isobicyclic. 
It follows from Proposition 2.3 that each group G(n; k, l) corresponds to a regular embedding
N (n; k, l) of Kn,n. It also follows from Proposition 2.2 that {1, xm, ym, z} is a Klein four-group Z1
contained in the centre of G. It is thus normal in G, and since G/Z1 ∼= G(m; 0, 0) we have
N (n; k, l)/Z1 ∼= N (m; 0, 0) for all n = 2e ≥ 8.
By Proposition 2.3, each element of G has a unique standard form xiyj for some i, j ∈ Zn. In order to
perform detailed calculations within Gwe need to know how to put an arbitrary word in x and y into
its standard form. This can be done by repeated use of the rule that
yjxi =

xiyj if i and j are both even,
x−iyjz il/2 if i is even and j is odd,
xiy−jz jl/2 if i is odd and j is even,
x−iy−jzk+(i+j)l/2 if i and j are both odd,
(2.1)
where z = xmym. The proof of this is a routine application of the relations in (1.2), together with
Proposition 2.2. As an immediate consequence we have
(xiyj)2 =

x2iy2j if i and j are both even,
y2jz il/2 if i is even and j is odd,
x2iz jl/2 if i is odd and j is even,
zk+(i+j)l/2 if i and j are both odd.
(2.2)
Proposition 2.4. The group G(n; k, l) is not metacyclic.
Proof. Any quotient of a metacyclic group is metacyclic, a simple consequence of the corresponding
result for cyclic groups. If n ≥ 8 then G(n; k, l) has G(m; 0, 0) and hence G(4; 0, 0) as a quotient, so
it is sufficient to prove that the group G = G(4; 0, 0) is not metacyclic. If G is metacyclic, then since
it has order 16 and exponent 4, it must be an extension of C4 by C4. The relation [x, y] = x−2y2 in
G shows that any epimorphism G → C4 must send x2 and y2 to the same element, so x and y must
both be sent to elements of order 4. The kernel must therefore be the normal closure in G of xy−1 or
xy as x and y have the same or different images. Now it follows from (2.2) that xy−1 is an involution;
since xy−1 is conjugate to an involution y−1x = x−1y 6= xy−1, its normal closure contains at least two
involutions and cannot therefore be cyclic (it is in fact a Klein 4-group {1, xy−1, x−1y, x2y2}). A similar
argument applies to xy, so G is not metacyclic. 
Wewill refer to a regular embeddingM ofKn,n asmetacyclic or non-metacyclic as the corresponding
group G = Aut+0M is or is not metacyclic. Thus the mapsN (n; k, l) are all non-metacyclic.
Proposition 2.5. Apart from an isomorphism between G(n; 0, 1) and G(n; 1, 1) for each n ≥ 8, the
various groups G(n; k, l) are mutually non-isomorphic.
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Proof. Groups G(n; k, l) with different values of n have different orders, and hence cannot be iso-
morphic. We will show that for each n the groups G(n; 0, 0), G(n; 0, 1) and G(n; 1, 0) are mutually
non-isomorphic by showing that they have different numbers of involutions. By Proposition 2.2, each
G(n; k, l) has at least three involutions xm, ym and z. It follows from (2.2) that G(n; 1, 0) has no other
involutions, while in G(n; 0, 0) the remaining involutions are the n2/4 elements xiyj with i and j odd,
and in G(n; 0, 1) they are the n2/8 elements xiyj with i and j odd and i+ j ≡ 0 mod (4).
There is an isomorphism G(n; 0, 1)→ G(n; 1, 1)which sends the generators x and y of G(n; 0, 1)
to the generators x−1 and y of G(n; 1, 1). To prove this, it is sufficient to show that replacing xwith x−1
in the defining relations (1.2) of G(n; 0, 1) yields a set of equations which are valid in G(n; 1, 1). This
is obvious for all the relations except possibly [x, y] = x−2y2zk (= x−2y2), and in this case it follows
from (2.1) that the substitution sends both sides of the relation to x2y2. 
A more detailed analysis of the automorphisms and isomorphisms of the groups G(n; k, l) is given
in [3, Lemma 4.2].
Proposition 2.6. (a) The mapsN (n; k, l) are pairwise non-isomorphic.
(b) Each mapN (n; k, l) is reflexible.
(c) The mapsN (n; k, 0) are self-Petrie, whileN (n; 0, 1) andN (n; 1, 1) are Petrie duals of each other.
Proof. (a) This follows from Proposition 2.5 and the fact that xy has order 4 and 2 in G(n; 0, 1) and
G(n; 1, 1) respectively, by (2.2), so that the faces ofN (n; 0, 1) andN (n; 1, 1) are respectively 8-gons
and 4-gons (also see Proposition 2.7(a)).
(b) Reversing the orientation of N (n; k, l) corresponds to inverting the generators x and y of G =
G(n; k, l). To see that this induces an automorphism of G, so thatN (n; k, l) is reflexible, it is sufficient
to show that this substitution transforms the defining relations in (1.2) into equations which are valid
inG. This is obvious for the relations xn = yn = [x2, y2] = 1. In the case of the relation [x, y] = x−2y2zk,
note that inverting x and y fixes z = xmym, so (2.1) gives [x−1, y−1] = xyx−1y−1 = x2y−2zk as required.
The last two relations are transformed into equivalent equations since x2 and y2 commute with each
other.
(c) Petrie duality, transposing faces and Petrie polygons, corresponds to inverting just one of x and y
(either can be chosen here, since the maps are reflexible). Inverting x sends all the defining relations
in (1.2) to equivalent equations, with the possible exception of [x, y] = x−2y2zk. It sends [x, y] to
[x−1, y] = xy−1x−1y = x2y2zk−l by (2.1), and it sends x−2y2zk to x2y2zk. It therefore extends to an
automorphism of G if l = 0, inducing Petrie self-duality of N (n; k, 0), but if l = 1 it transposes
G(n; 0, 1) and G(n; 1, 1) (as in Proposition 2.5), so that the corresponding maps are Petrie duals of
each other. 
More generally, Kwak and Kwon [7] have determined the reflexible embeddings and the self-Petrie
regular embeddings of Kn,n for all n, using different methods.
Proposition 2.7. (a) The map N (n; k, l) has type {4, n} and genus (n − 2)2/4 if k = l, and has type
{8, n} and genus (3n2 − 8n+ 8)/8 if k 6= l.
(b) The Petrie polygons of N (n; k, l) have length 4 or 8 as k = 0 or k = 1.
Proof. (a) As embeddings of Kn,n the mapsN (n; k, l) all have valency n. The face valency is twice the
order of xy. Now (2.2) gives (xy)2 = zk+l, so xy has order 2 or 4 as k = l or k 6= l, and thusN (n; k, l) has
type {4, n} or {8, n} respectively. There are 2n vertices, n2 edges and n2/2 or n2/4 faces respectively,
so the genus is (n− 2)2/4 or (3n2 − 8n+ 8)/8.
(b) The length of the Petrie polygons is twice the order of x−1y, so this follows immediately from (2.2).

Like the metacyclic embeddings of Kn,n studied in [2], each embedding M = N (n; k, l) is a
Cayleymap, since its orientation-preserving automorphismgroupAut+M has a subgroupRwhich acts
regularly on the vertices. To see this, note that the elements s = x2y2 and t = xy−1 of G = G(n; k, l)
satisfy sm = 1, st = s−1 and t2 = zk; thus t2 = 1 or sm/2 as k = 0 or 1, so s and t generate a subgroup
S.-F. Du et al. / European Journal of Combinatorics 31 (2010) 1946–1956 1951
S ≤ G of order nwhich is respectively a dihedral or a generalised quaternion group. Now S ⊆ A∪ Axy
while X ⊆ A ∪ Ax, so S ∩ X ⊆ A and it follows that S ∩ X = 1. This implies that S permutes the black
vertices regularly, and a similar argument applies to the white vertices. The half-turn a ∈ Aut+M
transposes these two sets of vertices, and acts by conjugation onG as the automorphismα transposing
x and y, so sa = s and ta = t or t−1 as k = 0 or 1. In either case, Sa = S, so S and a generate a subgroup
R ≤ Aut+M of order 2nwhich permutes the vertices regularly. It follows thatM is a Cayley map for R
with respect to its generating set R\S. If k = 0 then R is the direct product of the dihedral group S and
the cyclic group 〈a〉 ∼= C2. If k = 1 then R is the central product of the generalised quaternion group
S and the cyclic group 〈sm/4a〉 ∼= C4, amalgamating their central subgroups 〈sm/2〉 and 〈(sm/4a)2〉 of
order 2.
3. The method of proof
It is easy to see that if n = 2 then there is only one n-isobicyclic group G, namely the metacyclic
group C2 × C2 given by taking n = 2 and q = 1 in the presentation (1.1). We may therefore assume
from now on that n = 2e ≥ 4. By [2], ifM is a regular embedding of Kn,n with G = Aut+0M, thenM
has a quotientM = M/Z1 which is a regular embedding of Km,m, where m = n/2, Z1 := 〈xm, ym〉 is
a Klein four-group in the centre of G, and Aut+0M = G := G/Z1. We will show that ifM is metacyclic
then so isM, exceptwhenm = 2; equivalently, each non-metacyclic regular embeddingM has a non-
metacyclic quotientM, exceptwhen n = 4.Wewill also determine the possibilities forM (necessarily
non-metacyclic) whenM is non-metacyclic: specifically, we will show that ifM = N (m; 0, 0) then
M = N (n; k, l) for some k and l, and that there are no regular embeddings M covering the other
non-metacyclic embeddingsM. In this way we can classify the non-metacyclic regular embeddings
by induction on e, starting with the unique non-metacyclic embedding for e = 2 and lifting fromM
toM by means of the central coveringM→M for the inductive step.
4. Coverings of metacyclic embeddings
In this section we determine the possibilities forM in the cases whereM is metacyclic. We can
use the following result to recognise when an embedding is metacyclic.
Lemma 4.1. Let M be a regular embedding of Kn,n for n = 2e, corresponding to the isobicyclic triple
(G, x, y). ThenM is metacyclic if and only if 〈x−1y〉 is normal in G.
Proof. We know from [2] that the metacyclic embeddings have H = 〈x−1y〉 = 〈h〉 normal in G.
Conversely, if H is normal then G/H is cyclic since G = 〈x, y〉 and the images of x and y are equal;
clearly H is cyclic, so G is metacyclic. 
Theorem 4.2. Let M be a regular embedding of Kn,n where n = 2e ≥ 4. If M is metacyclic then either
M is metacyclic, or n = 4 andM = N (4; 0, 0).
Proof. SinceM is a metacyclic regular embedding of Km,m withm = 2e−1, [2] gives
G = Ge−1 = 〈g, h | gm = hm = 1, hg = hq〉 (4.1)
where q = 1 + 2f for some f = 2, . . . , e − 1 if m ≥ 4, or q = 1 if m = 2. The canonical generators
of G have the form x = gu and y = guh for some odd u. We may assume, by applying one of Wilson’s
operations Hj, with j odd, toM andM, that x = g and y = gh (i.e., we may take u = 1), since these
operations preserve automorphism groups, coverings and quotients. Thus we can rewrite (4.1) as
G = 〈x, y | xm = (x−1y)m = 1, (x−1y)x = (x−1y)q〉. (4.2)
If we abuse the notation a little, the canonical generators x and y of G then satisfy
xm = z1, (x−1y)m = z2, (x−1y)x = (x−1y)qz3, (4.3)
where each zi ∈ Z1. Putting g = x and h = x−1ywe can write (4.3) as
gm = z1, hm = z2, hg = hqz3. (4.4)
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Since G is n-isobicyclic, the generator g = x must have order n, so z1 6= 1. An automorphism
α of G transposes x and y, so it inverts h and hence inverts z2; but z22 = 1, so α fixes z2. We have〈x〉 ∩ 〈xα〉 = 〈x〉 ∩ 〈y〉 = 1, so α cannot fix z1 = xm. Thus α acts on Z1 by transposing two involutions
z1 and zα1 (= ym), and fixing the third involution z := z1zα1 = xmym; we have z2 = 1 or z. Applying α
to the third relation in (4.4) gives
(h−1)y = (h−1)qzα3 ,
so inverting this and using the fact that z3 is central and of order dividing 2 we get
hy = hqzα3 .
Now yx−1 commutes with h (its inverse), so hy = hx = hg and hence
hg = hqzα3 .
Comparing this with the third relation in (4.4) we see that α fixes z3, so z3 = 1 or z.
We have hg = hqz3. If z3 = 1, or if z3 = z2 (= hm), then 〈h〉 is normalised by g and is therefore
normal in G, so G is metacyclic by Lemma 4.1. Since we have shown that z2, z3 ∈ {1, z}, the only case
not covered by this argument is when z2 = 1 and z3 = z, so that hm = 1 and hg = hqz. Now y = gh,
and induction on i gives
yi = g ih1+q+q2+···+qi−1z j (4.5)
for all i ≥ 1, where
j =
{
0 if i ≡ 0, 1 mod (4),
1 if i ≡ 2, 3 mod (4).
If n ≥ 8 thenm ≡ 0 mod (4), and so (4.5) gives
ym = gmh1+q+q2+···+qm−1 . (4.6)
Now q = 1 + 2f has multiplicative order 2e−f−1 in the group of units Um = Z∗m by Corollary 7 of [2],
so
1+ q+ q2 + · · · + qm−1 ≡ 2f (1+ q+ q2 + · · · + q2e−f−1−1) mod (m) (4.7)
since each of the 2e−f−1 distinct powers of q appears 2f times on the left-hand side. Since
q(1+ q+ q2 + · · · + q2e−f−1−1) ≡ 1+ q+ q2 + · · · + q2e−f−1−1 mod (m),
we have
(q− 1)(1+ q+ q2 + · · · + q2e−f−1−1) ≡ 0 mod (m); (4.8)
but q− 1 = 2f so (4.7) and (4.8) give
1+ q+ q2 + · · · + qm−1 ≡ 0 mod (m).
Thus (4.6) gives ym = gm = xm 6= 1, contradicting the fact that G is isobicyclic.
It follows that n = 4, and so e = 2 and q = 1. We are assuming that z2 = 1 and z3 = z 6= 1, so
(4.3) gives
x2 = z1, (x−1y)2 = 1, (x−1y)x = x−1yz. (4.9)
It is straightforward to check that x and y satisfy the defining relations
x4 = y4 = [x2, y2] = 1, [x, y] = x−2y2, (y2)x = y−2, (x2)y = x−2
of G(4; 0, 0): for instance, the last equation of (4.9) simplifies to yx = yz, so [y, x] = z and hence
[x, y] = z−1 = z = x−2y2. Thus G is an epimorphic image of G(4; 0, 0), and since they have the same
order they are isomorphic, soM = N (4; 0, 0). 
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In fact Theorem B of [5] shows that when n = p2 for some prime p there are just p regular
embeddings of Kn,n, and that when p = 2 these are the standard embedding (which is metacyclic)
and the torus map {4, 4}2,2 with
G = 〈x, y | x4 = y4 = [x2, y] = [x, y2] = 1, [x, y] = x2y−2〉,
so this gives an alternative presentation of this last group.
5. Coverings of non-metacyclic embeddings
In this section we determine the possibilities forM in the cases whereM is not metacyclic. From
now on we assume thatM is a regular embedding of Kn,n where n = 2e ≥ 8, andM := M/Z1 =
N (m; k, l) for some k, l ∈ {0, 1}, wherem = n/2.
The presentation (1.2) shows that the images of x2 and y2 in G = G(m; k, l) commute with each
other, so in Gwe have d := [x2, y2] ∈ Z1, and hence
y2jx2i = x2iy2jdij (5.1)
for all i and j; in particular
[x4, y2] = [x2, y4] = 1. (5.2)
Applying α transposes x2 and y2, so it inverts d; since d2 = 1 it follows that α fixes d, so d ∈ 〈z〉.
Theorem 5.1. If n = 2e ≥ 16 then there are no regular embeddingsM of Kn,n withM = N (m; 1, 0),
N (m; 0, 1) or N (m; 1, 1).
Proof. IfM = N (m; 1, 0) then the canonical generators x and y of G satisfy
[x, y] = x−2y2xm/2ym/2z1, (5.3)
(y2)x = y−2z2, (5.4)
(x2)y = x−2z3 (5.5)
for some z1, z2, z3 ∈ Z1. By applying α to (5.4) and (5.5), we see that zα2 = z3 and zα3 = z2. Conjugating
each side of (5.4) by x gives
(y2)x
2 = (y−2)xz2 = z−12 y2z2 = y2,
so [x2, y2] = 1. Then (5.3) gives
[x, y] = x−2+m/2y2+m/2z1,
so yx = y[y, x] = y[x, y]−1 = yx2−m/2y−2−m/2z1 = x−2+m/2y−1−m/2z1z3 and hence
(y2)x = (x−2+m/2y−1−m/2z1z3)2 = (x−2+m/2y−1−m/2)2 = y−2+mz3.
Thus z2 = ymz3. Applying α to this gives z3 = xmz2, so z3 = zz3 and hence z = 1, which is false.
IfM = N (m; 0, 1) orN (m; 1, 1) then the analogue of (5.4) is
(y2)x = y−2xm/2ym/2z2 = xm/2y−2+m/2z2 (5.6)
for some z2 ∈ Z1 (recall that x4 and y2 commute by (5.2), andm/2 is divisible by 4). Conjugating each
side of (5.6) by x gives
(y2)x
2 = xm/2(yx)−2+m/2z2
= xm/2((y2)x)−1+m/4z2
= xm/2(xm/2y−2+m/2z2)−1+m/4z2.
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Now xm/2, y−2+m/2 and z2 all commute with each other, so
(y2)x
2 = xm2/8y2(−1+m/4)2
= xm2/8y2−m+m2/8
=
{
xmy2 ifm = 8,
y2+m ifm > 8,
and hence
[y2, x2] =
{
xm ifm = 8,
ym ifm > 8.
A similar argument (or an application of α) gives
[x2, y2] =
{
ym ifm = 8,
xm ifm > 8.
Since [y2, x2] = [x2, y2]−1 this implies that xm = ym, contradicting X ∩ Y = 1. 
Theorem 5.2. Let M be a regular embedding of Kn,n where n = 2e ≥ 8. If M = N (m; 0, 0) then
M = N (n; k, l) for some k, l ∈ {0, 1}.
Proof. In this case the canonical generators x and y of G satisfy
xn = yn = 1, [x2, y2] = d, [x, y] = x−2y2z1, (y2)x = y−2z2,
(x2)y = x−2z3,
(5.7)
where d ∈ 〈z〉 and each zi ∈ Z1. Our aim is to show that they satisfy the relations in (1.2) for some
k, l ∈ {0, 1}, so that G is an epimorphic image of G(n; k, l) and hence G ∼= G(n; k, l) on comparing
orders.
Conjugating the last equation of (5.7) by y gives (x2)y
2 = z−13 x2zy3 = x2, so [x2, y2] = 1 as in (1.2).
This shows that the subgroup A = 〈x2, y2〉 is abelian; by Proposition 2.1 its image in G is a normal
subgroup of index 4 in G, so A is a normal subgroup of index 4 in G since it contains Z1, the kernel of
the natural epimorphism G→ G. (In fact, A is the Frattini subgroup of G: see the comment following
Proposition 2.1.)
Applying α to the relation [x, y] = x−2y2z1 in (5.7) gives [y, x] = y−2x2zα1 ; since [y, x] = [x, y]−1
we have zα1 = z−11 = z1, so z1 = 1 or z. This corresponds to taking k = 0 or 1 respectively in a relation
[x, y] = x−2y2zk for G, as in (1.2).
Applying α to (y2)x = y−2z2 gives (x2)y = x−2zα2 . But (x2)y = x−2z3, so zα2 = z3, and similarly
zα3 = z2. Thus there are four possibilities:
(a) z2 = z3 = 1,
(b) z2 = z3 = z,
(c) z2 = xm and z3 = ym, or
(d) z2 = ym and z3 = xm.
Cases (a) and (b) correspond to taking l = 0or l = 1 in the relations (y2)x = y−2z l, (x2)y = x−2z l, z :=
xn/2yn/2 for G, as in (1.2). It is therefore sufficient to eliminate cases (c) and (d).
The action of G/A by conjugation on A is given by the last two equations in (5.7), with x and y
centralising x2 and y2 respectively. In either of cases (c) and (d), conjugation by x2 or y2 induces the
identity on A, and conjugation by xy and by yx agree, both inducing the involution x2 7→ x−2z3 and
y2 7→ y−2z2, so we have a well-defined action of G/A on A.
In order to multiply elements of G we need to rewrite products yjxi in the form xi
′
yj
′
. If i and j are
both even then yjxi = xiyj. If i is even and j is odd then
yjxi = yyj−1xi = yxiyj−1 = yxiy−1yj = ((x2)i/2)y−1yj = (x−2z3)i/2yj = x−iyjz i/23 ,
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and depending on the value of the central element z3 this can be put in the form xi
′
yj
′
. If i is odd and j
is even then
yjxi = yjxi−1x = xi−1yjx = xi(yj)x = xi(y−2z2)j/2 = xiy−jz j/22 .
If i and j are both odd then
yjxi = yjxi−1x = x1−iyjz(i−1)/23 x = x2−i(yj)xz(i−1)/23
= x2−i(yj+1)x(y−1)xz(i−1)/23 = x2−iy−j−1z(j+1)/22 c−1y−1z(i−1)/23
= x−iy−jz1z(j+1)/22 z(i−1)/23 .
To summarise:
yjxi =

xiyj if i and j are even,
x−iyjz i/23 if i is even and j is odd,
xiy−jz j/22 if i is odd and j is even,
x−iy−jz1z
(j+1)/2
2 z
(i−1)/2
3 if i and j are odd.
In particular,
yx = x−1y−1z1z2, yx−1 = xy−1z1z2z3, y−1x = x−1yz1 and y−1x−1 = xyz1z3.
We can apply extension theory (see Section I.14 of [4], for instance) to G, regarded as an extension
of a normal subgroup A ∼= Cm × Cm by a quotient Q = G/A ∼= C2 × C2, with the action of Q on A
as given above. We have Q = {A, xA, yA, xyA}, and we can choose the elements g(u) = 1, x, y and
xy as representatives of the four cosets u = A, xA, yA and xyA of A in G. Let f : Q × Q → A be the
corresponding factor system, so
g(u)g(v) = g(uv)f (u, v)
for all u, v ∈ Q . As a factor system, f must satisfy
f (u, vw)f (v,w) = f (uv,w)f (u, v)w (5.8)
for all u, v, w ∈ Q , reflecting the associativity of G. If we take u = yA, v = xA andw = yA then
f (u, vw) = f (yA, xyA) = g(xA)−1g(yA)g(xyA) = x−1yxy = x−2z1z2,
f (v,w) = f (xA, yA) = g(xyA)−1g(xA)g(yA) = (xy)−1xy = 1,
f (uv,w) = f (xyA, yA) = g(xA)−1g(xyA)g(yA) = y2,
f (u, v) = f (yA, xA) = g(xyA)−1g(yA)g(xA) = y−1x−1yx = x2y−2z1.
By (5.8), x−2z1z2.1 = y2.(x2y−2z1)y, or equivalently x−2z1z2 = x−2z1z3 and hence z2 = z3. This
eliminates cases (c) and (d), as required. 
This completes the proof of Theorem 1.1, as outlined in Section 3.
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